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Hole/Crack Identi� cation by Static Strains
from Multiple Loading Modes

Chyanbin Hwu¤ and Y. C. Liang†

National Cheng-Kung University, Tainan 70101, Taiwan, Republic of China

A method using static strains measured from multiple loading modes for the identi� cation of holes and cracks
in linear anisotropic elastic materials is introduced. Because of the localized effects of holes/cracks, their existence
may not be clearly re� ected by a single set of remotely measured boundary strains. By the combining of the
concept of multiple loading modes with the technique of nonlinear optimization, several examples of hole/crack
identi� cation have been done. During the iteration procedure, the values of the static strains corresponding to the
assumed hole/crack geometry and location are obtained by using a recently developed boundary element, which is
for linear anisotropic elastic materials and has also been extended to piezoelectric materials. The identi� ed results
show that our method for hole/crack identi� cation is stable and accurate for the model problem considered and
shows that the method has promise for more complex problems. In addition, the generality of hole pro� le, the
tolerance of measurement error, the spacing and arrangement of sensors, and the � exibility of multiple loading
modes are all discussed in detail.

I. Introduction

N O matter how carefully the load-carrying structural system
(such as aircraft structures, turbines and rotors, etc.) is de-

signed, there are instancesof cracks or structural damage occurring
during service.Because cracks may grow under fatigue loading and
catastrophicdamage may occur after a critical crack length, period-
ical inspectionduring systems operating life becomes necessary.To
avoid further destruction,one may wish to know in a nondestructive
manner the locationand the sizeof thecrack.Such informationabout
the crack geometry is indispensable for estimating the safety of the
structure. In engineering practice, one usually carries out measure-
ments, using techniques such as ultrasonics,magnetic � ux leakage,
x rays, penetrant, eddy current, etc.,1 on the exterior boundary of
the body to locate the crack. In the literature, dynamic response is
often used to make measured modes and serves as the standard of
identi� cation.2¡8 However, the characteristics of vibration modes
and frequencies are not always reliable.7¡9

Current development in smart materials has improved conven-
tionalcompositematerialsto self-monitorduringservice.The mass-
less sensor of a microelectromechanical system makes it possible to
embed the sensor successfully into the composite material without
changing the original system. For an ideal online identi� cation, the
measuredvaluesof sensorsare obtainedduringserviceand not from
the laboratory. For this reason, using the boundary data from static
deformationas the identi� cation input has graduallybecomean area
of interest for research.10¡15 However, the localized characteristics
of the hole/crack effects diminish the progress of identi� cation, es-
pecially when the structures are composed of composite materials.
In 1993, Kubo et al. identi� ed a crack in a plate through the multi-
ple current method.16 Bryan and Vogelius17 measured the boundary
voltages induced by certain speci� ed two-electrode current � uxes
to reconstruct the locationsof a collectionof linear cracks. Their re-
search hints that the parameter sensitivitiesof holes or cracks differ
under different loading modes. Therefore, the concept of multiple
loading modes is introduced in this paper, identifying not only size
but also location and orientation of holes or cracks in composite
structures.
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The determinationof the unknown internal hole/crack in a struc-
ture for which the boundary values are prescribed (measured ex-
perimentally) belongs to the category of inverse problems in me-
chanics. Because the measured data are usually provided on the
exterior boundary, the boundary integral technique18 for the anal-
ysis of the forward mechanics problems has become a promising
computational tool, for example, see Refs. 19 and 20. In this paper,
a special boundary element developed by Hwu and Yen21 is em-
ployed for the forward analysis.For the inverse problems,nonlinear
optimization22 is an attractive technique that provides a rational and
ordered approach to cope with extreme value problems. Examples
of the application of this technique to damage detection may be
found in Refs. 10, 11, 14, 15, and 17. In this paper, the nonlinear
optimizationtechnique is combinedwith the conceptof the multiple
loading modes to improve the convergenceof the identi� cation.

II. Selection of Sensitive Parameters
The purposeof thispaper is to explorethe feasibilityof identifying

a hole/crack by using only the data from static deformation. From
the study of Liang and Hwu23 of piezoelectricmaterials,we see that
stress intensity factors are very insensitive to the crack location es-
peciallywhen the crack size is under a certain value. Similar results
may occur for conventional� ber-reinforcedcompositematerials.To
be successful in identi� cation, we should be very careful about the
choice of parameters that need to be sensitive to the hole/crack size,
location, and orientation. Proper selection of the sensitive parame-
ters may speed the search of the extreme value in the inverse prob-
lem. Besides the sensitivity,theconvenienceforpracticalimplemen-
tationwill also be considered.The basic measured data for the static
deformed bodies are the strains and displacements.From these data
one may evaluate the stresses, the stress intensity factors (SIF) for
cracks, or the stress concentrationfactors (SCF) for holes. From the
viewpoint of convenience,we study the possibilityof selectingsen-
sitive parameters that are functions of the basic measured data such
as strains, or other well-known parameters such as SIF, SCF, etc.

To determine the variation of strain, SIF, and SCF with respect to
hole/crack size, location, and orientation, we � rst select a suitable
computational tool for the mechanical analysis of hole/crack prob-
lems. Among several � nite element and boundaryelementmethods,
we choose the specialboundaryelementmethod developedby Hwu
and Yen.21 This method deals with two-dimensional anisotropic
elastic plates containing a traction-free elliptical hole or crack sub-
jected to in-plane and/or antiplane loadings. This method is more
ef� cient and accurate than the conventional boundary element be-
cause its embedded fundamental solution has satis� ed the traction-
free boundaryconditionsaround the hole/crack surface and because
no meshes are needed for the hole/crack boundary. Because of its
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performance,it hasbeenextendedto severalinterestingcasessuchas
multiple holes/cracks/inclusions,24 piezoelectricmaterials,25 nonel-
liptical holes,26¡28 traction-prescribed holes,29 etc. The success of
this method is mostly due to the � nding of special fundamental so-
lutions for speci� c problems, which were derived by using Stroh’s
complex variable formulation30 (also see Ref. 31) for anisotropic
elasticity. When these fundamental solutions are embedded in the
usual boundary integral equation,18 that is,

ci .x¤/u j .x¤/ C
Z
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i j .x
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a series of boundary elements were developed. Detailed derivation
may be found in the Refs. 21, 24–29, and 32. In Eq. (1), u j and p j

are the displacements and tractions. Here, u¤
i j .x

¤; x/ and p¤
i j .x

¤; x/
are the displacements and tractions in the j direction, respectively,
at pointx correspondingto a unit point force acting in the i direction
applied at point x¤ and are the fundamental solutions. B and L are
the contours of the outer boundary and hole/crack boundary. For a
smooth boundary, ci j D ±i j =2, where ±i j is the Kronecker delta. For
practical application, however, ci j together with the corresponding
principal value can be indirectly computed by letting u j D 1 (and,
hence, p j D 0) in Eq. (1).

Having a proper computationaltool, we now de� ne our problems
as shown in Fig. 1 in which eight sensors are embedded around a
rectangular plate and the hole/crack size, location, and orientation
are representedby (a; b; x; y; µ ). Three differentloadingmodes (see
Fig. 2) are considered.One is the tensile loadingmode (mode I), and
the other two are shearing mode (mode II) and tearing mode (mode
III). From a series of convergence studies, only 20 nodes and 16
elements are needed in each example, and its corresponding CPU
time for Pentium-166 is about 4 s.

In the following examples, the material properties are se-
lected to be orthotropic and are E1 D 114:8 and E2 D 11:72 GPa,
G12 D 9:65 GPa, and º12 D 0:21. For the isotropic materials, the

Fig. 1 De� nition of hole size, location and orientation, plate size, and
sensor position.

Fig. 2 Three different loading modes.

material properties are E D 68 GPa, G D 25:758, and º D 0:32. For
the anisotropic materials, the properties are E1 D 145, E2 D 20,
and E3 D 10:7 GPa; G23 D 3:6, G12 D 4:5, and G13 D 4:5 GPa;
º12 D 0:31, º13 D 0:31 and º23 D 0:23. For piezoelectric material
(PZT4), they are S11 D 10:9, S12 D ¡5:42, S13 D ¡2:10, S33 D 7:90,
S44 D 19:3, and S66 D 32:64 10¡12 m2/N; g13 D ¡11:1, g33 D 26:1,
and g15 D 39:4 £ 10¡3 Vm/N; and "11 D 8:69 and "33 D 7:66 £
107 V2/N. The uniform loading applied on the upper edge of the
plate is 1 Pa for each loading mode if not speci� cally mentioned.
The lower edge of the plate is � xed, while the other two side edges
are free. With the usual de� nition, the stress intensity factors KI,
KII, and KIII for cracks and the stress concentration factor SCF for
holes may be expressed as33;34
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SCF D .¾nn/max=¾0 (3a)

in which r is the distance ahead of the crack tip, ¾nn is the hoop
stress along the hole boundary,and ¾0 is the uniform load applied at
remote boundary. Note that in the following examples, we did not
calculate the maximum value of ¾nn because it is time consuming.
Instead, we calculate ¾nn for a speci� c point. Thus, we use SCFA to
denote the stress concentration factor at point A, that is,

SCFA D .¾nn/A=¾0 (3b)

By the preceding de� nition, the calculation of KI, KII, KIII , and
SCF depends on the stresses near the crack tip and hole boundary.
However, the abrupt change of stresses near holes, especially near
the crack tip, may lead to an unavoidable error. To overcome this
dif� culty, very � ne meshes near the hole boundary and crack tips
are usually needed when using the conventional � nite element or
boundaryelement method. This is not only time consumingbut also
inaccurate.Recently, through the use of a specialboundaryelement,
a closed-form solution for K and ¾nn , expressed in terms of remote
boundarydisplacementsun and tractions tn , has beenderived.28 The
solutions are
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Ä1 D nT .cosµQ C sin µRT /; Ä2 D nT .cos µR C sin µT/

(5)

in which G and Y are the matricesof in� uencecoef� cients and Q, R,
and T are the matrices related to the elasticity constants Ci j kl . In the
precedingequationn is the unit vector tangent to the hole boundary.
Detailed de� nition and derivation may be found in Ref. 28.

To consider the variation of strains,we de� ne strain functions SI,
SII , and SIII for each loading mode as
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in which "0
i j , i j D 11; 12; 13, are the strain values of the reference

problem.To avoidany numericalill conditioning,thevalueof "i j ="0
i j

should be normalized to be on the orderof unity. To achieve this, we
choose the reference problem to have the same geometry and load-
ing conditionsas the consideredproblemsexcept that the hole/crack
sizeand locationare differentand can be selectedarbitrarilybecause
the exact size and locationare unknownbefore the hole/crackdetec-
tion. In the following examples, the crack/hole size of the reference
problemis selectedto be a D 0:5 cm for cracksor a D b D 0:5 cm for
holes, and they are located at the center of the plate. The subscript l
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.l D 1–8) of Eq. (6) denotes the sensor location, which is shown in
Fig. 1.

Variation with Respect to Hole/Crack Size and Location
Figure 3 shows the variation of the right tip stress intensity factor

Ki with respect to the crack size a and location .x=W; y=W / under
three different loading modes. The crack orientation for all cases
is � xed at the horizontal direction. From Fig. 3, we see that the
larger the crack length the higher the stress intensity factors. The
variation of the crack location also in� uences the stress intensity
factors.However, the varianceunder loadingmodes I and III are not
big enough, especially when the crack size is under a certain value
such as a D 2:0 cm in Fig. 3. Similar phenomena occur for SCFA

in hole problems, which is shown in Fig. 4. As to the variation of

Fig. 3 Variation of the right tip stress intensity factor Ki with respect
to the crack size a and location (x/W; y/W), where µ = 0.

Fig. 4 Variation of SCFA with respect to the hole size a and location
(x/W; y/W ), where µ = 0 and b = 0:9 cm.

strain function Si with respect to the crack/hole size a and location
.x=W; y=W /, the results are presented in Figs. 5 and 6. They show
distinct variance for mode I loading, but are not sensitive enough
for modes II and III. This phenomenon is similar to that shown in
Figs. 3 and 4, but the sensitive loading mode is changed from mode
II to mode I. Therefore, under the considerationof location and size
sensitivity, SCFA=K i ties with Si to be a candidate for hole/crack
identi� cation. However, Si can be applied to both crack and hole
problems and can be obtained directly from measurement. It seems
that Si is more appropriate than K i and SCFA .

Note that the � gures shown here are presented by three different
loading conditions. To put all of the data from different loading
modes into one � gure, the uniform loading ¾0 has been changed to

Fig. 5 Variation of the strain functions Si (i = I, II, III) with respect to
the crack size a and location (x/W; y/W), where µ = 0.

Fig. 6 Variation of the strain functions Si (i = I, II, III) with respect to
the hole size a and location (x/W; y/W), where µ = 0 and b = 0:9 cm.
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0.1 Pa when we calculate SCFA of hole problems under mode II
loading. For all of the other cases, the uniform loading ¾0 is kept to
1 Pa.

Variation with Respect to the Hole/Crack Orientation
Figures 7 and 8 show the variation of SCFA , K i , and Si with

respect to hole/crack orientation. The location of the hole/crack is
� xed at .x=W; y=W / D .0:5; 0:5/, whereas the size is a D 3 cm,
b D 0:9 cm for holes and a D 3 cm for cracks. As far as the sensi-
tivity is concerned, the results of Figs. 7 and 8 show that there is
no distinct difference between SCFA=K i and Si . If we look at the

Fig. 7 Variation of SCFA /Ki with respect to the hole/crack orientation
µ.

Fig. 8 Variation of the strain functions Si (i = I, II, III) with respect to
the hole/crack orientation µ.

promising candidate Si from Fig. 8, we see that the most sensitive
loading mode is no longer mode I considering the change of minor
axis b. Moreover, Si is very insensitiveto the orientationundermode
II loading.For example, Si is about0.2 when µ D 30 and 80 deg and
Si is about 0.3 when µ D 60 deg. It is dif� cult to identify µ when
the variation of Si is so small for the range µ D 30–80 deg under
mode II loading. However, if we change the loading to mode I, the
orientationcan be easily identi� ed. Therefore,during the identi� ca-
tion, the successivechange of the loadingmode is necessary for the
advancement of the hole/crack search. This is also the key concept
for the next section.

III. Multistep Nonlinear Optimization
For the identi� cation problems, the internal hole/crack boundary

is unknown. A set of experimental measured strains is available on
the remote boundary. If we restrict the identi� ed hole to be elliptical
and the identi� ed crack to be straight, the identi� cation problem
becomes the determinationof the hole/crack size .a¤; b¤/, its orien-
tation µ ¤, and its centered position .x¤; y¤/ based on the measured
boundary strains "¤

i j . To proceed with this kind of inverse prob-
lem, the techniqueof nonlinear optimization22 will be applied. The
public domain program COPES/ADS35 is chosen to implement the
optimization procedure, and the combination of methods used in
this paper are the method of feasible direction plus polynomial in-
terpolation.

From the discussion of Sec. II, we see that the insensitivity of
the static strains to the hole/crack geometry and location may be
overcome by the introduction of multiple loading modes. In other
words, when the hole/crack cannot be identi� ed by the static strains
of a certain loading condition,we may switch the loadingcondition
to another loading mode and improve the search for the hole/crack
geometry and location. Repeat this process until the convergence
criterion is satis� ed. In practical situation, the pure mode loading
conditionmay be inducedby the embeddedactuators,and the static
strains may be measured by the embedded sensors. Based on this
idea the repeateduse of the differentpure loadingmodes may not be
too complicated to be achieved in real situations.With this concept,
a multistep nonlinear optimization is designed as follows.

Minimize:
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for mode M (DI, II, III, or mixed) subject to
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where i j D 11, 12, and 22 for mode I and II; i j D 13 and 23 for mode
III; and i j D 11, 12, 22, 13, and 23 for the mixed mode. Here

al < a < au ; bl < b < bu ; µl < µ < µu

xl < x < xu ; yl < y < yu

max.a cos jµ j; b sin jµ j/ ¡ min.x; W ¡ x/ < 0

max.a sin jµ j; b cos jµ j/ ¡ min.y; H ¡ y/ < 0 (8)

If FM < F0, the convergence criterion is satis� ed, and the pro-
gram will be stopped. Otherwise, change mode M , decrease error
tolerance e, and repeat the optimization stated in Eqs. (7) and (8)
until the � nal result satis� es the convergence criterion or the maxi-
mum iterationnumber is exceeded.Refer to Fig. 9 for the � ow chart
of the multistep nonlinear optimization process.

In Eqs. (7) and (8), L is the number of sensors; al ; bl ; µl ; xl , and
yl , and au ; bu ; µu ; xu , and yu are, respectively, the lower and upper
bounds of design variables a; b; µ; x , and y. Because the crack is
treated to be a special case of the ellipticalholes with the minor axis
b approaching zero, the lower bounds al and bl are chosen to be a
very small value10¡6 to include the conditionsof cracks.The upper
bounds of a and b are chosen to be reasonable and not too large,
au D bu D W=4. Additionally,to preventa multivaluerepresentation,
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Fig. 9 Flowchart of nonlinear optimization with multiple loading
modes.

the range of hole/crack orientation is set to ¡¼=2 < µ < ¼=2, that
is, µl D ¡¼=2; µu D ¼=2. If the sensors locate a distance d from
the side of plate, the lower and upper bounds of hole/crack center
locationx; y are de� ned as xl D yl D d and xu D W ¡ d , yu D H ¡d.
Sometimes a meaningless design may take place even if the design
variablessatisfytheboundconditions.Forexample,theholeor crack
will locateoutside the plate if .x; y/ D .0:1W; 0:1H / and a D 0:2W .
The last two equationsof Eq. (8) are added to enforce the hole/crack
inside the plate. Except for the given constraints, the difference
between the calculated strains and the measured strains cannot be
too large. However, if each strain component of each sensor is set
to be a constraint, there would be too many constraints, and the
search for optimal value will be dif� cult to implement. Thus, to
accomplish the nonlinear optimization ef� ciently, we only set the
error sum (not individual error) of each strain component to be a
constraint, which is shown in the � rst equation of Eq. (8). In case
pure mode loadings are not easily induced in real situations, one
may consider the general mixed mode loading conditions. In this
case, all of the strain componentsare consideredin our formulation.

A � ow chart for the multistep nonlinear optimization process
is shown in Fig. 9. At the beginning of iteration procedure, the
measured strains "¤

i j of each sensor for three pure loading modes
should be input. In addition to these data, the other data necessary
for the implementation of the optimal computer program are the
referenceobjective functionvalue F0, the initial guess a0; b0; µ0; x0,
and y0 , the initial loading mode M , the initial error tolerance e, and
the maximumiterationnumbernmax . During the iterationprocedure,
we need the values of the strains "i j corresponding to the assumed
hole/crack geometry (a; b; µ; x; y) subjected to the pure loading
mode M . In the following examples, these values are calculated by
using the special boundary element introduced in Sec. II.

Just as the decision diamond block of Fig. 9 shows, if the opti-
mal value of the objective function FM is less than the critical value
F0 set by the users, the convergence criterion is satis� ed, and the
programwill be stopped.A smaller value of F0 makes the � nal iden-
ti� ed result close to the target value, and consequentlythe time and
iterationsspent in the inverse calculationincrease.The proper value
of F0 can make the result satisfactoryand ef� cient. In the following
examples, we choose F0 D 0:01. The initial guess of a0; b0; µ0; x0,
and y0 , and the initial loading mode M can then be given arbitrar-

Table 1 Effect of initial guess on the hole identi� cation

Case 2a=W 2b=W µ x=W y=W

1a

Target value 0.1600 0.0600 0.785 0.4000 0.6000
Initial guess 0.1000 0.1500 0.349 0.6000 0.2000
Identi� ed result 0.1352 0.0620 0.783 0.3980 0.5948
Error, % 15.5 3.26 0.31 0.49 0.86

2b

Target value 0.1600 0.0600 0.785 0.4000 0.6000
Initial guess 0.0600 0.1200 1.047 0.6300 0.4200
Identi� ed result 0.1494 0.0763 0.7786 0.3879 0.5866
Error, % 6.60 27.2 0.87 3.04 2.24

3c

Target value 0.1600 0.0600 0.785 0.4000 0.6000
Initial guess 0.0800 0.0300 0.262 0.3000 0.2000
Identi� ed result 0.1497 0.0619 0.7475 0.4142 0.6534
Error, % 6.44 3.15 4.83 3.56 8.89

aSequence of loading mode I ! II ! III ! I ! II, reduction of error tolerances
1 ! 0.5! 0.1! 0.05! 0.01, objective function 1:705e¡3, and 364 iterations.
bSequence of loading mode I ! III ! II ! I ! II, reduction of error tolerances
10¡3 ! 10¡4 !10¡5 ! 10¡6 ! 10¡7 , objective function 8:021e¡3 and 276 iter-
ations.
cSequence of loading mode II ! III ! I ! III ! II ! I ! III ! II ! III ! I, reduc-
tionof error tolerances 1 ! 0.5! 0.1! 0.05 ! 0.01! 0.005! 0.001! 0.0005!
0.0001! 0.00005, objective function 7:832e¡3, and 571 iterations.

ily. The initial value of error tolerance e is usually chosen to be a
relatively large value, for example, e D 0:1, to accelerate the opti-
mization. When we � nish one optimization procedure for a certain
loading mode, we may decrease the tolerance e and change to the
other loading mode. This process is repeated until the convergence
criterion FM < F0 is satis� ed and the hole/crack is identi� ed, or the
maximum iteration number is exceeded and the program is termi-
nated.Note that no speci� c rules are set for the changeof the loading
mode and the decrease of the tolerance. They can be set arbitrarily
just as the examples shown in Table 1.

Example 1: Hole Identi� cation
To showthe effect of multipleloadingmodes,a hole identi� cation

example has been done by using only one loading mode or multiple
loading modes. The geometry and sensor location of the plate is
shown in Fig. 1. The material of the plate is chosen to be orthotropic
with the properties as given in Sec. II. The strains measured on the
eight sensor locations subjected to three different loading modes
are provided by numerical simulation and are shown in Table 2. To
avoid double usage of the computationalmodel in both forward and
inverse problems, the measured data are generated by commercial
� nite element code IDEAS with eight-node two-dimensional ele-
ment meshed by 1764 elements and 4860 nodes. Before running
our identi� cation program, the following initial values are given:
F0 D 0:01, a0 D 0:129 cm, b0 D 0:09 cm, µ0 D 0:262, x0 D 2:4 cm,
y0 D 0:6 cm, M D I , e D 0:1, and nmax D 1500. From Table 3 we
see that if we use mode I only, the convergence criterion FM < F0

will not be satis� ed even when we reduce the tolerance e to 1:e¡6
and the iteration number is equal to 1500. On the other hand, by
reducing the tolerance e successively for different loading modes,
the convergence criterion is easily satis� ed, and the � nal identi� ed
result is close to the target within 10% error.

Note that the errors of the identi� ed result are de� ned as
j.s ¡ s¤/=s¤j £ 100% for s D a; b; µ; x , or y, if s¤ is not zero. The
symbol with superscript¤ denotes the target value. If s¤ is equal to
zero such as the horizontal orientation whose µ¤ D 0, the de� nition
will be modi� ed as j.µ ¡ µ¤/=¼ j £ 100%.

Example 2: Crack Identi� cation
Because of the localized characteristics of cracks, only the size

of the crack was identi� ed through the use of the stress intensity
factor subjected to only one loading mode.23 In this example, we
try to use the hole identi� cation program to identify a crack to see
whether our program has the ability to identify a hole with zero
minor axis. Figure 10 shows the identi� ed results by using only one
loading mode (mode I), two loading modes (modes II C III), and
three loading modes (modes I C II C III). The results clearly show
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Table 2 Strains measured on the eight sensor locations subjected to three loading modesa

Tensile mode I Shearing mode II Tearing mode III

Sensor "¤
11 .£10¡5/ "¤

12 .£10¡4/ "¤
22 .£10¡4/ "¤

11 .£10¡4/ "¤
12 .£10¡4/ "¤

22 .£10¡3/ "¤
13 .£10¡5/ "¤

23 .£10¡4/

1 0.6344 ¡0.2783 0.3493 ¡0.8464 ¡0.2297 0.3105 ¡0.0095 0.5226
2 ¡0.2353 ¡0.2031 0.3811 0.1659 ¡0.4525 0.1966 0.0108 0.5281
3 ¡0.9779 ¡0.1756 0.5056 0.6531 ¡0.7211 0.1433 0.0083 0.5193
4 ¡0.1200 ¡0.2529 0.4567 0.5064 0.0210 0.0401 ¡0.0571 0.5154
5 0.6631 ¡0.2778 0.3170 0.5709 0.1531 0.0469 ¡0.0211 0.5210
6 ¡0.1876 ¡0.1965 0.3616 0.3137 0.0327 ¡0.0258 0.0146 0.5232
7 ¡0.6884 ¡0.1951 0.5011 0.1077 0.3006 ¡0.1062 0.0056 0.5182
8 0.1171 ¡0.2571 0.4373 ¡0.5567 0.3735 0.0314 ¡0.0009 0.5167

aHole geometry and location are 2a=W D 0:114, 2b=W D 0:02, µ D 0:698, x=W D 0:467, and y=W D 0:533.

Table 3 Effect of multiple loading modes on the hole identi� cation

Objective
Loading mode Mode Tolerance Iteration 2a=W 2b=W µ x=W y=W function

1
Initial guess 0.0860 0.0600 0.262 0.8000 0.2000
Identi� ed result I 1e¡6 1500 0.0618 0.0281 0.661 0.4785 0.5865 5:72e¡2
Target value 0.1140 0.0200 0.698 0.4667 0.5333
Error, % 45.8 40.5 5.30 2.53 9.98

Multiple
Initial guess 0.1000 0.0640 0.2618 0.3000 0.7000
Identi� ed result II 1e¡1 75 0.2348 0.2229 0.2772 0.6619 0.7565 48.1

I 5e¡2 36 0.0200 0.0258 0.7023 0.4670 0.5404 8:414e¡2
III 1e¡2 25 0.0337 0.0475 0.9690 0.4555 0.5249 1.117
I 5e¡3 62 0.1251 0.0208 0.7175 0.4595 0.5011 4.935e¡3

Target value 0.1140 0.0200 0.698 0.4667 0.5333
Error, % 9.77 3.96 2.77 1.55 6.05

Fig. 10 Effect of multiple loading modes on the crack identi� cation.

that by using mode I only, the identi� ed result is far away from
the target and is still a hole. By using modes II C III, the identi� ed
result is just beside the target and is near a narrow ellipse. By using
modes I C II C III, the pro� le of a crack is distinctly identi� ed, and
the location is near to the target.

IV. Hole/Crack Identi� cation
The feasibility of combining the concept of multiple loading

modes with the technique of nonlinear optimization for hole/crack
identi� cation has been shown in the preceding section. In this sec-
tion, we prove numerically that our program is stable with respect
to the following factors: initial guess of the design variables, initial
loading mode, and initial error tolerance. We also show that our
programis general enough to cover the following cases: any kind of
homogeneouslinearelasticmaterials(suchas isotropic,orthotropic,

anisotropic,piezoelectricmaterials, etc.), and any kind of hole pro-
� les (such as ellipse, crack, polygon, nonhole, i.e., perfect plate,
etc.). The other in� uential factors that are important for futureappli-
cations and that will also be discussedare the numberof design vari-
ables, the tolerance of measured strains, the spacing of sensors, the
arrangementof sensors,and the mixed mode loading condition, etc.

Stability
To showthe stabilityof our method throughtheoreticalderivation

is dif� cult because of the intractability of explicit presentation for
the inverseproblem.However, it is important for an inverse problem
to have a stable result not affected by the initial guesses. To prove
this numerically, many different examples have been tested.36 The
results presented by Liang showed that the identi� cation is always
stable and accurate no matter what initial guess of the design vari-
ables, initial loading mode, and initial error tolerance are provided.
Moreover, the sequence of the loading mode and its corresponding
error tolerancecan also be providedarbitrarily.Unlike the accuracy,
the ef� ciency is usuallydependenton the initial guess, starting load-
ing mode, and the sequence of the loading modes. However, from
the numerical data, it is dif� cult to � nd a rule for the acceleration
of the searching speed. To save space here, only three examples
are collected in Table 1 to show the stability of our method. For
a clear picture of its progress and success, the associated graphic
representation of the iteration procedure is shown in Fig. 11 for
case 3 of Table 1.

Generality
Structural Materials

During the optimization process, the strain values corresponding
to the assumed hole/crack geometry and location are calculated by
using the specialboundaryelement introducedin Sec. II. Hence, the
inclusion of the other kinds of materials in the present program de-
pendson theextensionof theboundaryelementmethod.Becausethe
fundamentalsolutionused in this elementis derivedbasedon Stroh’s
formalism30 (see also Ref. 31) for anisotropic elasticity, it may be
applied to any kinds of anisotropicmaterials including isotropicand
orthotropicmaterials.However, note that isotropicmaterials belong
to the category of degenerate materials whose material eigenvalues
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Table 4 Hole identi� cation of various structural materials

Case 2a=W 2b=W µ x=W y=W

Isotropic
Initial guess 0.1420 0.0260 1.134 0.3700 0.6300
Identi� ed resulta 0.1234 0.0962 0.001 0.5391 0.4909
Target value 0.1220 0.0960 0.000 0.5400 0.4900
Error, % 1.11 0.22 0.04 0.16 0.17

Anisotropic
Initial guess 0.0440 0.0260 0.2620 0.3000 0.8000
Identi� ed resultb 0.1246 0.0782 0.7834 0.6282 0.4350
Target value 0.1260 0.0820 0.7854 0.6200 0.4300
Error, % 1.14 4.65 0.26 1.33 1.15

Piezoelectric
Initial guess 0.1240 0.0667 0.5236 0.6300 0.3400
Identi� ed resultc 0.0904 0.0395 1.0769 0.4286 0.5812
Target value 0.0820 0.0460 1.0472 0.4500 0.6000
Error, % 10.2 14.1 2.84 4.75 3.13

aObjective function 8:602e¡3.
bObjective function 2:920e¡3.
cObjective function 2:336e¡3.

Fig. 11 Iteration procedure for the hole identi� cation.

are repeated.31;37 When applying our program to this kind of
materials, small perturbation of the material constants should be
introduced.21 For piezoelectricmaterials, the related boundary ele-
ment has been developed in our previous study.25 Because the case
using the orthotropic materials has been executed successfully and
presented in Tables 1 and 3, Table 4 shows the other three cases
using the materials given in Sec. II. The identi� ed results of the
isotropic and anisotropicmaterials are within 5% error of the target
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value. For piezoelectric materials, the maximum error is 14.1%,
which is acceptable.

Hole Pro� les
It is not unusual to � nd a nonellipticalhole in structuralmaterials.

If the exact pro� le of a hole is not the main concern for the usual
investigation, we may try to use the elliptical hole to match any
unknownholes.Figure 12 shows the identi� ed result for a triangular
hole, which is acceptablefrom the practicalpoint of view. Note that
in our program, the measured strains are simulatedby the boundary
element for polygonal holes.28

Fig. 12 Triangular hole identi� cation.

Besides nonelliptical holes, it is also interesting to test our pro-
gram on a perfect plate, that is, a plate without holes. In actual
implementation,we found that our identi� ed results reach the mini-
mum values of the hole size a and b, whereas for the location (x; y)
and orientation µ , unstable values are obtained. This is reasonable
becauseour measured strains are provided for the case that no holes
exist in the plate.

In� uential Factors
Number of Design Variables

As shown in Example 2 of Sec. III, the crack may be identi� ed as
a narrow ellipticalhole when the design variables include the minor
axis b of the ellipse. This approach is reasonable if the pro� les
of the defects of the structural materials are unknown in advance.
However, if the purpose of the identi� cation is restricted to crack
identi� cation, we may reduce the number of design variables by
one. That is, only a; µ; x , and y are used as the design variables.
This will speed the optimizationand increase the accuracy. To save
space, the results are not shown here. One may refer to Liang36 for
the detailed presentation.

Tolerance of Measured Strains
In real applications, it is unavoidable to have some errors for the

measured strains. To make the data more like real measurement
data, some of the measured strains in Table 2 are randomly selected
to have 5, 10, 15, and 20% measured errors. When these values are
input into our program, the identi� ed results are obtainedand shown
in Fig. 13. The mean square error (MSE) shown in the upper-right-
hand portion of Fig. 13 is de� ned as

Combined with several other results shown by Liang,36 we see that,
when the measurederrors increase,theerrorsof the identi� ed results
increase but not necessarily in a linear proportional relation, which
is expected and reasonable.

Spacing of Sensors
Table 5 shows the effect of sensor spacing on the hole identi-

� cation. To know its in� uence on the ef� ciency and accuracy, two
holeswith differentsizes are considered.One is 10 times larger than
the other for both major and minor axes. The location and orienta-
tion are the same for these two holes. In both cases, four different
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Table 5 Effect of sensor spacing on the hole identi� cation

Number of CPU time,
sensors 1l=W Result 2a=W 2b=W µ x=W y=W s

Large hole
Target value 0.4400 0.2200 1.047 0.4000 0.6000

16 0.200 Identi� ed result 0.4490 0.2188 1.042 0.3944 0.5914 1620.0
Error, % 2.05 0.57 0.52 1.41 1.44

12 0.267 Identi� ed result 0.4226 0.2266 1.048 0.4211 0.6353 1306.2
Error, % 3.96 3.01 0.06 5.28 5.89

8 0.400 Identi� ed result 0.4412 0.2307 1.021 0.3921 0.5787 910.1
Error, % 0.26 4.86 2.51 1.97 3.55

4 0.800 Identi� ed result 0.4446 0.2172 1.039 0.3942 0.5878 873.6
Error, % 1.05 1.27 0.82 1.46 2.04

Small hole
Target value 0.0440 0.0220 1.047 0.4000 0.6000

16 0.200 Identi� ed result 0.0441 0.0214 1.062 0.4180 0.5746 6865.2
Error, % 0.26 2.68 1.43 4.50 4.23

12 0.267 Identi� ed result 0.0401 0.0206 1.048 0.4003 0.6147 5443.2
Error, % 8.86 6.44 0.10 0.08 2.45

8 0.400 Identi� ed result 0.0426 0.0214 1.043 0.3991 0.5718 2960.5
Error, % 3.14 2.73 0.42 0.23 4.70

4 0.800 Identi� ed result 0.0477 0.0258 1.046 0.3947 0.6244 2265.5
Error, % 8.42 17.1 0.08 1.32 4.06

Fig. 13 Hole identi� cation with measured error.

sensor spacings are arranged. Their corresponding sensor numbers
are 4, 8, 12, and 16. The results show that the larger hole is easier to
be identi� ed (less CPU time), which is expected. As regards to the
sensor spacing, it seems that fewer sensors (or wide spacing) may
reduce the searching time. However, the error of the minor axis b by
using only four sensors for the smaller hole reaches 17.1%, which
is too high compared with the other sensor spacing arrangements.
Note that all of the data presented in Table 5 satisfy the convergence
criterion set in Fig. 9. The reason why the error is still high may
be due to the fewer constraints for the fewer sensors. That is, even
though the result is not accurate enough, the constraintsat the fewer
selected sensors have been satis� ed.

We see that the CPU time for eight sensors is just a little longer
than that for four sensors. This may be explainedby the increase of
the iterationnumber for fewer sensors,althoughtheir corresponding
searching time for each iterationmay decrease.When considerating
both theef� ciencyandaccuracy,theoptimalsensorspacing(1l=W )
is recommended to be 0.4, which corresponds to eight sensors for
the present cases.

Arrangement of Sensors
All of the examples considered use measurements surrounding

the hole/crack. It is interesting to see what the results would be if

Fig. 14 Hole identi� cation with different sensor arrangements.

measurements could be taken on only one or two sides of the spec-
imen. Figure 14 shows that although the results identi� ed by using
sensors located on only one or two sides of the specimen are not as
good as the results identi� ed by using sensors around the perime-
ter, they are still in the neighborhood of the target. In terms of the
MSE de� ned in Eq. (9), the errors are 2.1% for four sides with eight
sensors, 14.9% for two sides with � ve sensors, 25.3% for one side
with three sensors, and 41.9% for one side with only two sensors. If
we raise the convergence criterion by decreasing the critical value
of F0, the results for fewer sensors may be improved. For example,
MSE D 3% for � ve sensorswith F0 D 0:001,MSE D 14.6%for three
sensors with F0 D 0:0001, and MSE D 24.9% for two sensors with
F0 D 0:00001 (the results shown in Fig. 14 are identi� ed by setting
F0 D 0:01). However, the searching time and iteration numbers in
the inverse calculationwill also increase.Hence, it is still suggested
that the sensors be located around the perimeter unless there is dif-
� culty in real applications. In that case, the convergence criterion
should be raised.

Mixed-Mode Loading Conditions
The preceding examples are executed by the standard pure load-

ing modes such as tensile, shearing, and tearing modes. In practice,
mixed mode loading conditionsmay occur. To test the applicability
of themixed mode loadingconditions,three independentvectorsare
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Table 6 Hole identi� cation with arbitrary mixed-mode loadings

Objective
Mode Iteration 2a=W 2b=W µ x=W y=W function

Initial guess
0.0600 0.0480 0.2618 0.8000 0.2400

Identi�ed result
C 34 0.0200 0.0764 1.3067 0.4998 0.5844 6:085eC0
B 169 0.1205 0.1041 1.2553 0.4623 0.5429 2:355e¡1
A 160 0.1383 0.1141 1.2790 0.4693 0.5348 2:609e¡1
B 36 0.1352 0.1103 1.2814 0.4644 0.5326 1:517e¡1
C 57 0.1265 0.1081 1.3006 0.4666 0.5394 9:358e¡3

Target value
0.1240 0.1120 1.3090 0.4700 0.5400

Error, %
2.03 3.52 0.64 0.72 0.10

arbitrarily selected to make mixed loading modes A; B , and C . The
forces are applied on the upper and lower edges of the rectangular
plate and are uniformlydistributedalong theedgewith nonzerotrac-
tion values as f¾12 ¾22 ¾23gA D f0:93 0:30 0:21g¾0 , f¾12 ¾22 ¾23gB D
f0:42 0:83 0:38g¾0, and f¾12 ¾22 ¾23gC D f0:40 0:23 0:89g¾0. From
the results of Table 6, we can conclude that it is not necessary to
have standard pure loading modes to identify a hole or crack. The
identi� cation result may be precise as long as the mixed loading
modes are independent of each other. The accurate result of this
example completes the concept of multiple loading modes because
the loading modes are not restricted to pure loading modes.

V. Conclusions
The feasibility of identifying a hole/crack by using only the data

from static deformation is con� rmed. The data chosen from the
static deformation are the most convenient and easily obtainable
data, static strains on the remote boundary. The breakthrough that
leads us to identify a hole/crack is the introductionof the concept of
multiple loadingmodes.When this concept is combined,a multistep
nonlinearoptimizationprocess is designed.Throughthisprocessthe
optimal result of each step can be used as an initial guess of the next
step under a different loading mode, until the � nal result satis� es
our convergence criterion. Thus, not only the hole/crack size but
also the location and orientation can be identi� ed.

From the numerical examples shown, we see that our method
for hole/crack identi� cation is stable and accurate for the model
problem considered, which shows that the method has promise for
more complex problems. Moreover, our program is general enough
to cover any kind of homogeneous linear anisotropic elastic mate-
rial includingpiezoelectricmaterials. If the exact pro� le of the hole
is not the main concern for the usual investigation, any nonellipti-
cal hole can also be matched approximately by using an elliptical
hole. If the investigation is restricted to crack identi� cation, fewer
designed variables can be used to speed the optimization. As ex-
pected, the measurement error of static strains will in� uence the
identi� ed results proportionally. As to the spacing of sensors, ac-
cording to our numerical data we recommend the ratio of spacing to
the plate width be 0.4. Moreover, the sensors could be put on only
one, two, or three sides of the specimen. If the pure loading mode is
not easily actuated, any kind of independent mixed loading modes
can be used. After the hole/crack is identi� ed, the stress concen-
tration factor for holes or the stress intensity factors for cracks can
easilybe obtainedfrom the boundarydatausingour recentlyderived
formula.28 Although there are many advantages,the total CPU time
is still too long to be applied to online identi� cation. To achieve this
goal, we will apply this concept to arti� cial neural networks in our
future work.
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